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Summary. Confidence intervals are constructed for the
expected responses to three types of multi-trait selec-
tion. The influence of numbers of replicates and geno-
types used in a progeny test experiment on the preci-
sion of response of multi-trait selection is discussed
based on the structure of the established intervals.
Special attention is paid to the characteristics of the
intervals constructed for the conventional least square
selection indices.
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Introduction

One of the most serious problems in using index selec-
tion (Smith 1936; Hazel 1943) in breeding work is that
the true population parameters are usually unknown
and have to be estimated from samples.

The study of effect of sampling errors on the efficiency of
index selection is difficult and often involves complicated
statistical procedures (see e.g., Williams 1962 a; Harris 1964;
Hayes and Hill 1980). Tallis (1960) obtained a large sample
variance of the index weights and predicted genetic gains.
Harris (1963, 1964) examined the concept of progress from
index selection and studied the joint distribution of the ex-
pected progress from selection for a calculated index and the
predicted progress from this index. Hayes and Hill (1980)
elaborated further on the definition of response to selection
and study the sampling properties of the index weights by a
reparameterization of the phenotypic and genetic covariances
used in constructing the selection indices.

The aim of the present report is to propose a
method to construct a confidence interval for the ex-
pected response to three types of multi-trait selection.
The interval is then investigated for its various impli-
cations in selection work.

General theory

Consider a set of n variables v, i=1,2,...n, which
follows multivariate normal distribution MN(y,2")
with
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in which y; is the mean, oj; (= o}) the variance of i-th
variable, and o;; the covariance of i-th and j-th vari-
ables. Let d be a (nx1) vector of constants, i.e.,
d’=[d;dy...dn]. A new composite variable z=d"v
should have mean u,=d’u and variance gi=d'2 d
Also, for a random sample of size m,

d’Sd_ 5 df= !
d’Zd_de’ =m

where S is the matrix of sample sum of squares and
products. A (1—a) confidence interval for d’ 2 d can be
obtained as

d’ dSd
P 2Sd Sd’st—z— >1—-a D)
Xx/2: of X1—or2:df

where y2/:4r and yi_q/. 4 are tabulated y* value with
m— 1 degrees of freedom at the probability level /2
and (1 — t/2), respectively.

Now assume that data of n traits are obtained from
each of m genotypes tested in an experiment replicated
r times according to a randomized complete block
design. Let x;jx be the observed value of j-th trait of
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i-th genotype in k-th block,
Xijx = U+ bjk+ gi; + &ijk
i=1,....m;j=1,....,n; k=1,...,r,

where u, b, g and e are, respectively, the population
mean, and effects due to k-th block, i-th genotype and
ik-th error deviate for the j-th trait. The phenotypic
effect of j-th trait of i-th genotype is then

Pij=Xj ~Xj=gj+ e
r

where ejj=— Z &ijk. Let T be the matrix of mean
I k=1

squares and products between genotypes and & the cor-
responding matrix of error mean squares and products
in the analysis of variance and covariance (VAR-COV)
table for the n traits. Also let P, G and E be VAR-COV
matrices for the phenotypic, genotypic and error cftects,
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P, G and E are estimated by

| . 1 |

P=—T, G=—(T—¢) and E=—¢.
r r r

Three types of expected response to selection are
considered in the present paper:

| Achieved response

Let a and b be two (nx 1) vectors of constants whose

elements are two sets of weights associated with the n

traits. a is used to weigh the genotypic effects of n

traits of a genotype to obtain an aggregate genotypic
n

value, i.e., hj=), ajg;;, whereas b to obtain an index
n j=1

;=) b;p;j. The achieved response to selection based
i=1

on I; is measured by R,=ia’ Gb (' Pb)"!/? where i
is the intensity of selection.

2 Correlated response

The response of a trait to selection for another trait in
the population is called correlated response (Falconer
1982). Let CRy; be the correlated response of k-th
trait to selection for I-th trait. We have CRy=
i g1 (0p) "2 Let a and b be two vectors with null
elements but the k-th and I-th elements, respectively,
taking the value of unity. Then, CRy; = R,.

3 Maximum attainable response

In conventional least square index selection, a is usual-

ly a set of “economic weights” whereas b is obtained

by b=P~!' G a (Smith 1936). The response to selection
n

based on the index I;=) bjP;; is measured by
j=1

R =i (b'Pb)"2. This represents the maximum attain-

able response when the genotypic effects are weighed

by a.

It is noted R,, CR and R can only be estimated
using G and P. Also, R, and CR can be either positive
or negative measures, whereas R > 0 when the intensity
of selection (1) is positive.

Confidence intervals for expected response
to multi-trait selection

Achieved response

The confidence interval for R, can be derived by using
the confidence intervals for (a+b)' P(a+b), a’Pa,
b’Pb, (a+b)yE(a+b), a’Ea, and WED. Let the
six intervals with confidence limit (1—a) be (L;, U)),
(L2, Uy), (L3, Uy), (L4, Uy), (Ls, Us) and (Lg, Us), re-
spectively. The (1 —«) interval (L, U;), for example,
can be derived by putting d=(a+b), S=(m-1)P,
and df = (m—1) in (1), i.e.,

P (m—1) (a+by P(a+b)

2
Xa/2:m—1
_(m-D@+by Patb)

< (a+b) P(a+b)

X%—:x/Z:m—l

Other five (1 —a) intervals can be similarly derived.
Since both P and E are positive semi-definite (see
Searle 1966), the following two inequalities can be
set up:
P{L,<(a+b)P(a+b)+aEa+bEb<U,j=>1—«
P{ly<(a+byE(a+b)+aPa+bPb<Uy}=>1—u
where L,=1L; +Ls+Ls, U,=U, +Us+Us, Lp=
Lo+L;+Ly and Upg=U,+ U;z;+U,. Let A=



aPa+(a+byE(a+bh), B=bPband C=2a"Gb and
note that P = G + E. We have
(a+byP(a+by+a’ Ea+ bEb=A+B+2C
(a+byE(a+b)+a’Pa+bPb=A+B.

A Bonferroni inequality can then be formulated as fol-
lows (see Graybill 1976): '

PL,<A+B+2C<U,, Ly<A+B< Uy,
L<C¥B<U}=1-3a.

That is,
P{L,<(a+byP(a+b)+a’Ea+bEb<U,,

Ly<(a+byE(a+b)+a’Pa+b Pb< U,

L <@Gh*yPb<U}>1-3a. 2)
The relationship in (2) can be used to obtain a (1—3a)
confidence interval for b’ Pb according to the method
given by Williams (1962 b):
P{L.<bPb<Uj=1-3x. 3)
The structures of L, and U, are known,
Le=m-1)bPb/ylnm-1,

U=(m-1)b IA’b/)(:f'—3a</2:m-1 .
Therefore, (2) and (3) can be used to find L and U. Let

1., 1y and 1. be the observed lower limits of L,, Ly and
L., respectively. We have

l,=(a+byP(a+b)+a Ea+bEDb
ly,=(a+byYE(a+b)+a’ Pa+bPb
l.=bPb
1 =(a Gb)*/’ Pb.
Solving the equations for 1,
1=(1,—1,)%41..
The general expression of L is then
[ m-DaPb (-1 @m-1 a’Ebr
L= 3 -
Xx/2:m—1
' [(m—l) b’Pb]“‘

2
X3a/2:m—1

X%/Z: -1 (m-1)

Similarly,

U_[(m—l)a’f’b (r-l)(m—1)a’Eb]2
X%—a/z:m——l X%-—a/Z: (r—1) (m~1)
[(m—l)b’?b}“
| .
X1-30/22m—1

The absolute size of R, falls between iL!'? and
i U2 Let (Lra, Ura) be the (1— ) confidence interval
for R,. (Lra, Ura) can be (iL2,iUY?), (-iL¥%iU"?),
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(=1UY%iLY?) or (—iU"? —iLY%). This can be deter-
mined by choosing the shortest one which covers the
point estimate R,. It is interesting to note that R,=0
when a=b and i > 0. This is what Williams (1962a)
referred to as the base index. In this case Lx=iL"? and
Ugr=iU"2 Lj should be set to zero when (m—1) a’ P b/
Kinmo1< (=1 (m—1) 2 Eb/xim-1ym-1) Whereas
both Lg and Ug set to zero when (m—1)a’Pb/
Kowzmor< @=1) (m=1) @ Eb/y_an¢-1(m-1)-

Correlated response

Consider two associated traits 1 and 2. Selection for
trait 1 would bring up response of trait 2. The correlat-
ed response is measured by CRy =1 0412 (g,11)'"% Let

Lz[m—n@u_u—nm—nmﬂz

X§/2:m-1 Xg/Z: (r—1) (m—1)
e
X%cx/Z:m—l ’ (5
Uzrm—n@u_m4um—nmﬂ2
2 )
X1—0/2:m~1 AT—a/2: (c—=1) (m—1)

i
X%—3u/2:m—l ’

Again (Lcgr, Ucr) can be (LY2iUY?), (—iLY%iU"?),

(—iUY2,iL"?) or (=iUY2 —iL"?). The correct (1—a)

interval should be the shortest one which covers the
point estimate CRy;.

Maximum attainable response

The confidence interval for b’ Pb can be expressed as
P[(m—l)b’f’b (m-1)bWPb

3 <bPbx< 3
Xo:m—1 Xl-a:m-1

}21—20{

when the elements in b are known constants. In -the
present case, however, b is estimated by b= PI1Ga.
We are thus looking for two estimated vectors by and
b, such that bj P by < b P b < b, P b, and
R . (6)
—DbiPb -1 b,Pb,
P[(m—z-)—‘l—‘—_lﬁb’l)bﬁ(rn—z_)—!“_] >1=2a.
Xae:m—1 XT—o:m-1

Let I be a (nxn) unit matrix. We have

(1) G a'l

Pb=Ga=1Ga=|1;,Ga

| I, G a_|
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where I; is a vector having zero for all its elenments but
the i-th one unity. Let (L;, U;) be the (1—22) confi-
dence interval for I; G a such that
P[Y bL<bGas<) bU|[=1-2«. (7
i=1 i=1
L; and U; can be derived by establishing the following
Bonferroni inequality:
P[Li< (Ii+a)y P(Li+a)+ KEL+a Ea< Uy,
Ly< (Ii+a)’ E(Ii+ a) + LPL+aPa< U2i]
>1-2«, i=1,2,...,n.
Based on the same procedure as described in (1) ~ (4),
we obtain
Li = (Lyi— Ly)/2
_[m-DEPa (-1 (m—l)IgEa}

2
Zal2m—1

/‘(f«/z: (r—H(m-1)
Us= (Uj;— Uy)/2
| m-DEPa (1) (m—l)I’iEa}

2
| Al-2/22m-—1

X%~a/2: (r—1) (m-1)
1=1,2,...,n.

Let L'=[L,...L;...L;] and U'=[U;...U;... Uyl
Then (7) can be rewritten as

PIL<bPb<b U]>1-24. (8)

Obviously, by examining (8) we can also request that
the two vectors by and by, fulfil the following relation:

PbiL<bPb<b,Ul>1-24. 9)

Comparing (9) with (6), we have
(m—1)bj P b,

bL =

! ont:m—l
—1)b,Pb

buU=(m _ ) by u
Xl-xm-1

by and b, are then obtained as
bl :th:m—l P_IL/(m— 1)
bll:X%vo(:m—l i\)“.llj/(l'l'l—l) (10)

respectively. Bringing (10) into (9), the confidence
interval for b’ P b can be established as:

m—1
>1-2x. (11)

The confidence interval for the maximum attain-
able response can be easily constructed using (11). Let
(LR, UR) be the interval

P(Lg<R<Ug)21-2x

where
Lr =i [t3m-1 L P7T'L/(m - D]

) (12)
Ur=1i [X%—d:m—l up! U/(m——l)]l/z-

Discussion

An inspection of the intervals in (4), (5) and (11) would
reveal the influence of the sizes of r and m on the
precision of response to multi-trait selection. Tai
(1983) pointed out that the use of a small number of
genotypes in an elaborate experiment of many repli-
cates may lead to imprecise genetic information on
quantitatively inherited traits. The same conclusion can
be made here with regard to response to multi-trait
selection. It is important to have a large sample of
genotypes tested in an experiment to ensure the preci-
sion of the estimate of response to multi-trait selection.

Of the three types of multi-trait selection studied
here, the most important one is, of course, the conven-
tional least square index selection. Many theoretical
works (Tallis 1960; Williams 1962 a; Harris 1964; Sales
and Hill 1976a, b; Hayes and Hill 1980) were focused
on locating the sampling properties of the index
weights and identifying factors which may affect the
effectiveness of index selection. The confidence inter-
vals obtained in (12) can obviously be used for the
same purpose. The lower confidence limit Ly, for
example, can be expressed as follows:

Le=i{kia' [k, P —k; E] P~ [k, P — ks E]a}'”?
where

ki =xkm-1(m=1), ky=(m-1)/y%m-; and
ky=(r=1) (M= 1)/x32 -1y m-1 -

This expression i1s comparable to that of the point
estimate R, i.e.,

R=i{bPb2=i{a@P—E) P~ (P—E)a)2.
For I’=2, k2=k3=(m—1)/;(§/2;m»1 and

-1 «2_m_ L L
Lp=i —__(mz )“2 Ly (P-E) P '(P-E)a
[Xa/Z:m*l]

_lm—1) g2

2
Xa/2:m—1

R.

The above relation reveals Lg < R for m > 2. The
difference between them, however, would decline when
increasingly larger m is used. The gap between Ly and
R is getting larger when a greater number of replicates
is used in an experiment. The trend can be checked by
using a larger sample of genotypes in the experiment.

The above expression of Ly also indicates that the
relative sizes of economic weights in a and the esti-



mates of VAR-COV components in P and E would
influence the difference between Lz and R. It is thus
possible to use the interval constructed in (12) to study
the impact of various factors, i.e., numbers of geno-
types and replicates, sizes of estimates of genotypic and
phenotypic VAR-COV components, and economic
weights, on the precision of index selection.
It is interesting to observe that, for a single trait,

LRzi[on—l)ag_(r—l)on—l)&g
X§/Z:m—-l X%/z: (t—1)(m-1)
_ {(m—l) ag}-m
Xﬁ:m—l

according to (12). This is larger than and thus an
improved lower limit over the one obtained by Tai
(1979, 1983) for single-trait selection, i.e.

L _l(m—l)&f, (r—1) (m—1) 2
R = _

2
Xo:m—1 X%rx: (r—=1) (m—1)
‘(m—l) ag}—"z
Xg:m—] )
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